GENERALIZED NAIVER-STOKES EQUATIONS WITH INITIAL 
DATA IN LOCAL Q-TYPE SPACES 
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Abstract. In this paper, we establish a link between Leray mollified solu- 
tions of the three-dimensional generalized Naiver-Stokes equations and mild 
solutions for initial data in the adherence of the test functions for the norm 
Qa ^ioc^"^^)' This result applies to the usual incompressible Navier-Stokes 
equations and deduces a known link. 



1. Introduction 

This paper studies the relationship between Leray moUified solutions and mild 
solutions to the generalized Naiver-Stokes equations in M.^ : 

( dtu+{-Afu+{u-V)u-Vp:^0, inR^+3; 

(1.1) < V-u = 0, inM^+3; 
[ u\t=o = Mo, in R^, 

for f3 € (1/2, 1], where (— A)'^ is the fractional Laplacian with respect to x defined 

by 

(^M(i,o = icr"(i,c) 

through Fourier transform. Here u and p are non-dimensional quantities corre- 
sponding to the velocity of the fluid and its pressure. Uq is the initial data and for 
the sake of simplicity, the fluid is supposed to flU the whole space R'^. Equations 
(|l.ip have been studied intensively, see Cannone [T], Giga and Miyakawa[^, Kato 
[7], Koch and Tataru [8], Xiao [16], Lions [12], Wu [14]-[15], Li and Zhai [13]. 

When f] — 1, equations (jl.ip become the usual incompressible Naiver-Stokes 
equations. In dimensional 3, the global existence, uniqueness and regularity of the 
solutions for the usual Naiver-Stokes equations are long-standing open problem of 
fluid dynamics and the regularity problems is of course a millennium prize problem. 
Generally speaking, there are two specific approaches in the study of the existence 
of solutions to the three-dimensional incompressible Naiver-Stokes equations. The 
first one is due to Leray [TT] and the second is due to Kato [7] . We refer the readers 
to Cannone [5] and Lemarie-Rieusset [5] for further information. 

For general /3, we can also define the mild and mollified solutions separately as 
follows. 

The generalized Naiver-Stokes system is equivalent to the fixed point problem: 

(1.2) u{t,x) = e-*^-^^\n{x) - B{u,u){t,x), 
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where the bihnear form B{u, v) is defined by 

B{u,v)^ / e-(*-")(-'^)''PV- (u®w)(s,x)ds. 
Jq 

Here e"*^^'^)'' denotes the convolution operator generated by the symbol 



and P denotes the Leray projector onto the divergence free vector filed. 

Definition 1.1. A mild solution to the generalized Naiver-Stokes equations p.ip 
is a solution to equations ()1.2p obtained via a fixed point procedure. 



p3 



The mollified solutions are constructed in the same way as mild solutions, but 
with a slightly different model. Indeed, instead of the term u m involved in the 
(GNS) equations, we look for something smoother. Let cu 6 'D(R^) with w > and 
/jj3 u}{x)dx = 1. Then for e > 0, the mollified generalized Navier-Stokes equations 
are given by: 

( dtU+{-Ay^u+{{u*Lu^) ■y)u-\7p = 0, inM^-^; 

(1.3) < V-M = 0, in ' " 
[ u\t=o = uo, hi 

with ui^{x) = ^w(f ). 

Similar to the equations (jl.ip . equations (jl.Sp can be rewritten as a fixed point 
problem: 

(1.4) Ue^e-'^-^^'uo-Be{Ue,Ue), 

where the bilinear operator B^ is defined by 

B,{u,u)^ / e-^*-'^^-^'>''PV ■ {{u*uj,)(g)u)(s)ds. 







Definition 1.2. The mollified solution to equations (|l.ip is the sequence {we}e>o 
of the solutions to the system (|1.4p for e > 0. 



In [in], for f3 — 1 oi equations (jl.ip . that is, the usual incompressible Navier- 
Stokes equations, Lemarie-Rieusset and Prioux established a link between these 



two solutions. They proved that if the initial data uq e V{M.^) , then 



there exists T > such that the mollified solutions £ V{{0,T] x R3) "'^ 
constructed via the theory of Leray converges, when e tends to 0, to the mild 
solution given by Kato, for t e (0,T). 

In [13], inspired by Xiao's paper [TS], we considered the well-posedness and 
regularity of equations (|l.ip with initial data in some new critical spaces Q^;^^(K"). 
In that paper, we proved that for initial data uq S Qa-oo^C^") there exists a unique 
mild solution in the space X^.^^ where the space Q^'.'^iW^) occurring above is 
a class of spaces which own a structure similar to the space BMO~^{W^) in [8] 
and in [ig. It is easy to see that if a = -f and /3 = 1, Qi\^{W^) = 

BMO-i(R"), and if a G (0, 1) and /3 = 1, (9g:-i(R") = g-.i^(R"). Here Q'^ooi^") 
is the derivative space of (5q(M"), see Xiao [16], Dafni and Xiao [3]-[4], Essen, 
Janson, Peng and Xiao [5]. Therefore our well-posed result generalized the result 
of Koch and Tataru [8] and that of Xiao [16] . 
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The main goal of this paper is to establish a relation between the mild solutions 
obtained in [16] and [l3j and the mollified solutions for the equations ()1.3p . In fact, 



our main results mean that for initial data uo e I'(K^) , with /3 e (1/2, 1 



there exists T > such that the sequence {ue}e>o £ 2?((0, T] x M.^) of 
solutions to p.3p converges, when e — > 0, to the mild solution obtained in [T6] 
and pTS , for t e (0,T). For the usual incompressible Navier-Stokes equations, when 
a = 0, our main result goes back to Lemarie-Rieusset and Prioux 10, Theorem 
1.1]. However, it is worth pointing out that their Theorem does not deduce our 
results even though Qa^ioci^^) is a subspace of bmo~^{R^), since X^.rp{M.^) is 
proper subspace of X^.rp{M.'^) when < a < 1. 

In the following, we give some definitions and known results. The first one is the 
space defined as follows. 

Definition 1.3. For a > and max{l/2, a} < (3 < 1 witha+/3-l > 0, Q^l,l{^'') 
is the space of tempered distributions / on M" such that, for all T e (0, oo), 

sup sup r [ |e-*(-A)V(2;)r^ < oo. 

0<r23<Ta;oeK" JO J \x-xo\<r t 

The norm on Qf;roc(K") is defined by 

^"■'"^^ ' \0<r^l^<lXQm" Jo J\x~xo\<r t^/fj 

In [13], it was proved that that the space Q^'TocO^"^) consist of the derivatives of 
functions in Q^(W^) which is composed of all measurable functions with 

sup mr^-^-^^-^ll |J^(;|„;,ff;,Cr) -^^-^^ < - 

where the supremum is taken over all cubes / with the edge length 1(1) and the 
edges parallel to the coordinate axes in R". 
We now introduce the space j,(R"). 

Definition 1.4. Let a > and max{l/2, a} < (3 < 1 with a + /? - 1 > 0. 
(i) A tempered distribution / on R" belongs to Q^'.^^{W^) provided 

II/IIq..-(M.M = sup ('.2a-n+2;3-2 r f |iff , dydA < 

"■^ a;GR",r2/5 6(0,T) \ JO J\y-x\<r I 



(ii) A tempered distribution / on R" belongs ioVQa ^ (R" ) provided lim 1 1 / 1 1 q3 . 
0; 

(in) A function g on R^"^" belongs to the space xf.y(R") provided 



(K") = sup 

"'•^ te(o,T) 



sup (,2.-„+2^^2/ / \g(t,y)\h-'^IPdydt\ 



a;GR",r2'9e(0,T) \ JO J \y-x\<r 
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In Xiao 16J and Li and Zhai [13], they proved the following well-posedness results 
about the equations (jl.ip for f3 — 1 and ^ < (3 < 1, respectively. 

Theorem 1.5. Let n > 2, a > and max{a, 1/2} < /3 < 1 with a + /? - 1 > 0. 
Then 

(i) The generalized Navier-Stokes system has a unique small global mild solu- 

tion in for all initial data a with \/ ■ a — and ||a||^Q3.-i(-^„-j^„ being 

small. 

(a) For any T G (0, oo) there is an e > such that the generalized Navier-Stokes 
system has a unique small mild solution in (Xf.j,(M"))" on (0, T) x M" when 

the initial data a satisfies \7 ■ a — and \\o.\\(Qf<,-i-(]g_n^^n < £• In particular for all 

a G (y(5a'~^(K"))" with V • a = there exists a unique small local mild solution in 
(xf.j.(]R"))" on (0,T) X W\ 

Remark 1.6. The core of the proof of the above theorem is the following inequality: 
for u and v £ X^.rp(W^), we have 

(1.5) ||B(M,w)||^^^(]g„) < ||w|lxf^^(R")ll«llxf^^(R")- 

The above inequality will play an important role in this paper. 

We recall the definition of the Lorentz space L^'^°°(R") for 1 < p < oo. 

Definition 1.7. Let 1 < p < oo. A function / G Lj^^CW"-) is in the Lorentz space 
LP'°°(M") if and only if 

VA>0, |{xGRM/(x)|>A}|<-^. 

For p = oo, we have L°°'°°(R") = L°°(M"). 

In |10| . the authors introduced a new class of Lorentz spaces. 

Definition 1.8. For 1 < p < oo, the weak Lorentz space LP'°°((0,T)) is the 
adherence of functions in L°^{{0, T)) for the norm in the Lorentz space L^'°°((0, T)), 
that is, 

Zf'°°((o,r)) = i°°((o,T))^"°°"°'^". 

Let Zp'°°((0, T), L«'°°(M3)) bejhe space of aU measurable functions / on (0, T) x 
R3 such that \\f{t, •) ||l9,=o(r3) G Zp'°°((0, T)). Then the following proposition holds. 

Proposition 1.9. ( fLOi Proposition 2.7 ]) Let T > 0, l<p<oo and 1 < q < oo. 
The following properties are equivalent: 

(1) / G ZP'°°((0,r),L'?'°°(R3)); 

(2) For all A > 0, there exists a constant C(A) such that C(A) — > as A — > 
oo and 

|{II/WIU..~(K3)>A}|<^; 

(3) Foralle > 0, there exists fi G L°°{{0,T),Li'°°{R^)) and f2 G LP'°°((0, T), L9'°°(R3)) 
such that 

||/2||lp>~((0,T),L<J>~(B3)) < £ a"rf / = /l + /2. 
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The rest of this paper is organized as follows: In Section 2, we give two technical 
lemmas: Lemma lTTI -the continuity of the bilinear operator B{-, •) in Lorentz spaces; 
Lemma \2.1[ a local existence of mild solution to equations (jl.ip with initial data 
in Lorentz spaces. In Section 3, we establish main results of this paper. We only 
provide a proof for three spatial dimensions, but our proof goes through almost 
verbatim in higher dimensions. 

2. Technical Lemmas 

In this section, we prove two preliminary lemmas. The first one can be regarded 
as an generalization of 10, Lemma 6.1] for the case /3 = 1. 

Lemma 2.1. Let T > and ^ < (3 <1, 

B{u,v){t,x)= / e-^'-''>^'^'>''FW(u(S)v)(s,x)ds. 
Jo 

Let < P < C!0 and 2/3-1 < 9 < 00 such that P ~ — ^ + j^- Then we have 

( 1) for p ^ ( and so 00), 

B : Lf'°°((0,r),L'?'°°(R3)) x LP'°°((0, T), L«'°°(R3)) — > LP'°°((0, T), L«'°°(R3)) 
with 

w)||iP,oo((0,T),L5l.°=(M3)) < C'||u||lp,oo((0,T),L<J'~(K3))||«||lP'°=((0,T),L'!,oo(R3)); 

(2) B : L°°((0,r),L9^°°(M3)) x LP'°°((0, T), L«'°°(M3)) — > L°°((0, T), L«'°°(E'^)) 
with 

\\B{u, w)||l«=((o,t),L9-«=(r3)) < C'||u||loo((o,t),L9,oo(r3)) \\v\\lp-°°((oX),li-^(s?))', 

(3) B : L°°((0,T),L«'°°(M3)) x L°°((0, T), L9'°°(M3)) — , L°°((0, T), L9'°°(M3)) 
with 

\\B{u, w)||l°c((0,T),L9.°=(R3)) < C'r^/^||M||ioo((o^T),L'!'~(R3))||^'||L~((0,T),L<J'~(R3)); 

(4) B : L°°((0,r),L9^°=(M^))xLP'°°((0,T),L«'°°(M3)) — , LP'°°((0, T), L«'°°(M3)) 
with 

I|-B(Uj''^)IIlP'~((0,T),L9.°°(R3)) < C'?""^^^|lw|lLoo((o^T),L<!'~(R3))lkllLP'°°((0,T),L9.°°(R3))- 

Proof. The proof of this lemma bases on the following inequality: 

/■* 1 3 

(2.1) ||S(u,w)(i)||i,,«>(R3) < / (i-s)^("^"t)||u(s)||i,,»(R3)||u(s)||i,.oc(K3)ds. 

Jo 

In fact, since 

B{u,v){t,x)^ / e'^'-'^^-^'>'PV{u(E)v){s,x)ds, 
Jo 

we have 

\\B{u,v){t)\\L,.o.^^3) < r||e~**"'^*"'^^'PV(w®«)(s,.)||L,.oo(R3)ds. 
Jo 
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Since e ^•''^ PV is a convolution operator, the Young inequality tells us for l+- = 



2 + 1 



||B(u,«)(t)|U,,^(R3) < / ||e-(*-^)(-^)>V||i.,^(K3)||u®«(s)||i,/2,o.(R3)ds 

|e-(*-^)(-^^'PV|U.,»(R3)||u(s)|U„oo(R3)||t;(s)||i,.oo(R3)cis. 



< 



For n = 3, the derivation of the generalized Oseen kernel satisfies 



-(t-a)(-A)' 



PV(x,y) 



< 



1 



{{t - s)^ + \x - y\Y 



(See [131 Lemma 4.10]). Then we can get 



< 



l/r 



((t - s)^ + - ?/!)'' 



(t-s)-^ ^ ^i^d 



, _3 4_ 

(t - s) 23-- 2^1 



oo ^2 



(1 + A) 



4r 



l/r 



For 1 = i + i, we have 



\\B{u,v){t)\\L,.^(jg,3) < I (t-s)^^^- '*'||w(s)||i,.^(R3)||t;(s)||L<j,oo(K3)rfs 

t 

{t - s)^^-^-l^\\u{s)\\L,.^(^g3^\\v{s)\\L,,^(93)ds. 



This completes the proof of (12. Now we prove (1) — (4) by using (12. 

(1). Since /3 - i = ^ + t^, we know l + i = i + i + with J- = + By 
Young's inequality, we get 

w)||ip((o_T),L9.°°(R3)) < \\s~^~^\\l^i,^ ||w||LP.°°((0,T),L<J'°°(R3))lkllLJ''°°((0,T),L9.°°(R3 

Now we compute the norm \\s ~ \\l^i,°°(o,t)' where 

II/IIl'-i-(o.t) =supA|{t e (0,T),|/(0| > A}|^/^ 



If s e (0, T) and T < then 



[te{0,T),s ^ >a} 



l/n 



< Ar^/'"! < 1. 



, L L. -1 

If T > then T 'i < A. For s "^i > A, wc can find a sq such that sq = ji^-. 



When < s < sq, s 'i > Sq ''^ = A, then we have 

l/ri 



a|{s G (0,T) : s ^ > a} 



< Xs'J^' = 1. 
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Therefore we get s^^ G L''i'°°((0, T)) and ||s"^ ||l-i.-(o,t) < 1- 
(2). It follows from that 



ll^(^i:^')(0llL9,~(R3) < ||u||io=((0,T),L9,~(K3)) / {t-s) S'''! ||u(s)||L,,=c(R3)ds. 

Then we obtain 



t 

{t-s)-^-^\\v{s)\\L,. 







l|-B(u,w)(t)||L~((0,T),L<J'~(R3)) < ||w||ioc((o,T),L<J'~(R3)) SUp 

0<t<T 

By Holder's inequality with 1 = ^ + ^ + ^f^; we have 

w)(t)||Loo((o^T),L9'°°(R3)) < C'||M||L==((0,T)X9.°°(R3))|k||LP.°=((0,T),L9.°°(R3))- 

(3) . By (EH), we get 

||i3(u,w)||ioo((o.T).L9.°°(R3)) < ||m|1l°°((o,t).L9.°°(r3))||w||l~((o,t),L9.~(r3)) / (t-s) 

Jo 

< Cr^/''||u||ioo((o_T),L9'~(R3))||'y||L~((0,T),L<!.oo(R3)). 

(4) . dlH) and Young's inequahty with I + ^ ^ ^ + ^ + {j^ + ^) imply that 

||B(u,w)(t)||L,,oc(R3) < / (t-s)-(5^ + 5l?)||u(s)||i,,oo(R3)||w(s)||i,,oc(R3)ds 

Jo 

< I|w||l-((o,t),L'j--(r3)) (i - s)^'^+^^||w(s)||i,,^(R3)ds^ . 
Since ||/ *5||p,oo < ||/||p,oo||g||i, we have 



l|-B(u,w)||ip,cx=((o,T),L'!,oo(R3)) < ||u||L°=((0,T),L'!.°°(R3))|k||LP,~((0,T),L''.°°(R3)) SUp 

0<t<T Jo 

< CT^/P II w||i=o((O^T)X<!, oo(R3)) II w||ip,oo((0_T), L5r.°=(R3)). 

This completes the proof of Lemma 12.11 □ 

We need the following local existence of solution to equations (jl.ip with initial 
data in Lorcntz spaces. 

Lemma 2.2. Let \ < (3 < I, 2^ < g < 00, ^fzr < p < 00 and uq & L«'°°(M^). 
i^or r > such that 4T"'^/''||wo||Lg,oc(u3) < 1, t/iere exists a mild solution u G 
i°°((0, r), L'^°°(R'^)) to equations M.l]) . which is unique in the ball centered at 0, 
of radius 2||mo||l9.~(r3) ■ 

Proof. We construct {e„} as follows: 



(2.2) 



en+i = eo - B{en, e„), 



8 PENGTAO LI AND ZHICHUN ZHAI 

We claim that ||e„||L«>((o,T),L'3.~(R3)) < 2||mo|U'!,oo(r3). For n = 0, by Young's 
inequality, we have 

l|eo||L°=((0,T),L'J.°=(B3)) — lle^*'-^'^^ '"o||l°=((0,T),L9'°°(R3)) 

= sup ||e"*("'^)' uolU<!>~(R3) 
te(o,T) 

< ||e"*'^"'^^ ||li(r3)||moIU<!.°=(k3) 

- (/Rs^iirl^'^)""""^''^'^^^ 

< 2||-uo||l9.°°(r3)- 

Assume that the estimate is true for some n £ N. For n + 1, we get 

||en+l||Loo((o^T)X<!,oo(R3)) < ||eo|jL°c((o,T),L9'°°(R3)) + || -S(en, e„) ||loo ((o^t)X<!,oo (r3)) 

< l|eo||L°=((0,T),L<!.°°(R3)) + ^^^^l|en|lioo((o,T),L9.°=(R3)) 

< ||wo||l9.~(r3) +4T^/P||uo||i,,oo(R3) 

< 2||mo||l<j>~(R3)- 

This tells us 

||e„+i - e„||ioo((o^T),L<!,oo(R3)) 
= ||-B(en, e„) - B(e„_i, e„_i)||ioo((o,T),L<!,°o(R3)) 

< r^/P||e„ - e„_i||Loo((o_T),L9.~(R3)) (|e,i||L~((o,T),L9,oo(R3)) + lie„_il|Loo((o,r),L<!.< 

< 4r^/^'||uo||L<!,=o(R3)||e„ - e„_i||ioo((o^T),L9.' 



Since 4T^/p||wo||l<!,oo(][{3) < 1, the Picard contraction principle guarantees this 
lemma. □ 



3. Main Results 

In this section, we state and prove our main results. First, we need the following 
proposition which generalizes the case /3 = 1 established by Lemarie-Rieusset and 
Prioux [ig. 

Proposition 3.1. Let T > 0, i < /? < 1 and u, V he two mild solutions to the 
equations fiJ]) belonging to the space Zp'°°((0, T), L9'°°(R3)) with < p < oo 

and 2/3^1 < 1 < oo such that /? ~ 5 = ^ + Assume that there exists 9 £ (0,T) 
such that u{9) = v{6). Then u and v are equal for t e i9,T]. 

Proof. Let to > and A > 0. We can split u and v into: 

u ~ ux + u\ and v ~ v\ + v'^^ 

where ux = wX{t:||«(t)||^,,oo(g3)>A} and vx = vX{t:l\v{t)\\^_^^^3^>x}- By construction 
and the definition of the Lorentz spaces (see Proposition [T^ we have 

\W\\\L-=°{{e,e+to),Li.-=°{R3)) < A, ||'"A||LP.~((e,e+to),-L«.=°(R3)) < CW 
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and the same estimates hold true for v'^ and v\. Then, we compute by Lemma 

< \\B{u,u) - B{v,v)\\LP.'^{{e.e+t„),Li.'^{M3)) 

< Co\\B{u - f , u)||LP'~((e,9+to),-L9.°=(R3)) + Co\\B{v,U - w)||LP.°c((e,9+to),L9,oc(R3)) 

< C\\u - w||LP.oo((g g4,(j,)j^<,,oo(R3)) (||M||LP.°c((0,6l+to),-L'J'°=(R3)) + \\v\\Lf.°°{{e,0+to),Li.°^{R^))) ■ 

Since u = ux+u\ with ||uA||L!'-~((e,e+to),L'J.-(R3)) < C{X) and ||uAl|Lp.-((e,e+to),L'!'~(R3)) < 

A, we get ||w||LP,oo((6i,6i+to).-L'J'~(R3)) — C'(A) + AtJ^''. The same estimate holds for v. 
Hence we can obtain 

\\u - t'||LP.°=((e,6l+to),L''.°°(R3)) < Co (2C(A) + 2Xtl^^^ \\u - w||LP.~((6l,e+to),-L'J'°=(R='))- 

We choose A > large enough to guarantee 2CoC(A) < 1/4 and choose to > small 
enough such that Cot^^^ < 1/4. Thus there exists S < 1 satisfies 

\\U - w||LP.oo((6l,e + to),L9.°°(R3)) < S\\U - w||Lp,oo((e + i<,,oo(]I{3)). 

So It = t; for t ^ {6,9 + to). For T, there exists n such that T < + nto- Thus 
u = vforte{9,T]. □ 



Lemma 3.2. /JJ3, Proposition 2.9] j Let T > and 1 < p,q < oo. If u satisfies 

{sup t^/P||u(i)||L9.-(R3) < oo, 
*6(0,T) 
ii/f||u(i)||i„o.(R3) ^0, (as t^O), 

tften t/ie function u belongs to the space Zp'°°((0, T), L«'°°(M3)). 

To establish the equivalence between the mild and mollified solution to the 
(GNS) equations, we need the following lemma. 

Lemma 3.3. Let v € P((0,T] x B{0,R)) and R > such that supp v C (0,T] x 
-6(0, i?) where supp denotes the supports of the function v and B{0,R) the closed 
ball of radius R centered at 0. Then, for t G (0, T] and y G M.^ such that \y\ > XR 
for A > 1, we have for some constant C > 0, 



\B{u,u){t,y)\ < ■7Ymlll"lli2((o.T]xR3)- 
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Proof. Since \y\ > XR > A|z|, \y - z\ > {I — j)\y\- Then, we can get 



\Biu,u)it,y)\ 



t 



t r 1 



< C ^ \v{s,z)\^dsdz 

Jo JR3 {{t - s)2/3 +\z- y\)* 



t r 1 



1 

lo JB(o,R) \z - y\ 



^'^11 |_ \^^ \v{s,z)\^dsdz 



1 



\y\' Jo 



^ / / \vis,z)\'dsdz 



b{o,b:) 



- ^|^ll'"lli2((0,T)xR3) < ■p;^||w||i2((o,T)xR3). 

□ 

Theorem 3.4. Let a > 0, max{i,a} < /3 < 1 with a + f3 — 1 > and let 



uq G P(M3) such that V • uo = and T > small enough to ensure 

||g-t(-A) ^qII^^ ^^^^ < Then there exists a mild solution u G 'D{{0,T) X M.^) 
to equations hl.l]) . 
Proof. We construct {wnjneN by 



(3.2) 



Vn =Vo- B{Vn-l,Vn^l), for n > 1, 



For n — 0. By assumption, if uq G P(M-^) ° ' ^ there exists a sequence u™ G 
V{R^) such that - ""llgf .-i (rs) — ^ as m — > oo. From the definition of 

sup supi--3+^^-/ / |e-(-A)^/(.)r^<oo. 

0<t2'3<Ta:oeR3 Jo J\x-x„\<t « ''"^ 

Hence, as m — > oo, 

sup sup t2"-3+2/3-2 /■ /■ |e--(-A)''(^^_^m)(^)|2^ 
0<t23<T2;oeR^ Jo J|a:-2:o|<t 

From the embedding: Q^;^^(R3) ^ B^-^(M3) (gee [HI Theorem 4.6]), we obtain 

By the definition of xf^^(M3), we get \\e-'^-^'>' fWxi^m < C|l/llQf;-i(R3)- Then 
we have 

.-t(-A)« 



||e ^ (?io-Uo")||^^,-i(u3) < C||mo-w"||q^;-1(r3) 
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and ||e-*(-^)''(uo-u")llx'''-i(R3) — > as m ^ 0. So e-'(-^)''uo = lim^^oo e"*^-^)''^^ 
in Xf.j,(M3). It follows from e-*^-^^\^ e 'D{{0,T) x R^) that 

Let us assume G 'D((0,T) x R^) . For v„, since w„ = e~*(~^^ — 

B(t;„_i,i;„_i), 



uo G P(M3) ^ ^vo = e-'^-^J Wo e I?((0, T) x 



We only need to prove B{vn-i,Vn-i) G D((0,T) x 

By induction, there exists a sequence v^_i e 'D{{0, T) x R^) such that 

\\Vn-l - <-l llxf^^(R3) ^ 0> as TO ^ OO. 

Since is compact supported in time and space, we have B{v^_i,v^_-^) G 

C°°((0,T] X M?) and is of compact support in time. Let {'■Pm}me'H ^® ^ 
quence of functions in ViJS?) such that for each to G N, ||<j£>m||oo = 1- Assume 
supp(^m C B{Q,\mRm + 1) and if rnix) = 1 if .T G S(0, Ami?m) whcrc Rm > 
is such that supp C (0,T] x B(O,i?„0 and > JI^^^^^q ^,^^^3^. We 

denote = </9m x -y™.!) and get 

< C||?;„_i - C-ilU^^ [ll^"-illxf^^(R3) + lkr-illxf^^(R3) 

Since tpm is supported on B(0, XmRm + 1) and (p^ = 1 on 5(0, XmRm), (1 - fm.{y)) 
is supported on 5*^(0, ATO-Rm) = {v '■ \v\ > XmRm}- Then, we obtain 

||(l-^„)B(C-l,<-l)||;,^^(K3) 

< sup tl-*||(l-^„,)5(C-l,«n-l)llL~(R3) 

te(o,T) 



>/0 J\i 

< sup p x4 llC-illi2((o,r]xR3) 

te(0,T) (Am-Kmj ^ ' 



(l-^„)i?(C-i,<-i)(s,2/)P^ 



„„„ c„r. Ill)™ l|2 I +2a-3+2/3+2/3-2 

- sup sup ||f„_l||i,2((o T]xR3)7T ■B~T4 11 



dsdy 



1/2 



< CT^-^ ^ llf^ ||2„, , IIC-llli2((o,T]xR3) .,2a-3+2/3-2,3+2/3(l-a//3)U/2 
^ (\ U ^,4 ll^n-llli^ (0,T xM3 + p x4 SUp [T t ) 

< CT^ ^ iJm)'* lkr-llli2((0,T]xR3) 

< (gyi-ig ^ (as TO ^00). 
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Thus, \\B{vn-i,Vn-i) - B"^ {vn-1 , Vn-i)\\ ^(TRS) — > as m ^ 0, that is, Vn e 



2?((o,r] X 

Next we prove that w„ have a hmit in X^.rp{M.^). We prove ||wn||;i(^/3 j-^g^ 
2||e~*(^'^^''uo||j^3 c^3N. It follows from vq — e^'^^'^^'^-uo that 



ll«o|lxf.^(E3) = ||e ^)^uo|lxf,^(R3) <2||e ^)\o|lxf,^(E3). 



We assume that for n G N, llwnllx*' (r3) — 2||e *^ '^^'^uoUx'^ (R3)- Then we get 



< lie *(-^) uo||^.^(„3)+C||«„||^,^(^3j 

< ||e-*(-^)\oll;,/^. (R3)+4C||e-*(-^)\oll^^ 



It follows from II e '^'"uoH^/s _^(jj.3) < 4^ that ||w„+i ||^^ _^(jj3) < 2||e '^^'^wollxf.. 
Moreover, 



||-(;„ - w„_i||_Y0_^(^3) < ||B(t;„_i,'y„_i) - S(u„_2,Wn-2)|lxf.^(R3) 

< C||w„_l - W„-2||xf^^(R3)(lkn-l|lxf.^(R3) + lk«-2||xf.^(R3) 

< 4C||e-*(-'^)''uo||^0^(K3)lkn-i - w„_2||^^^^(R3) 

< (4C||e-*(-^)'7.o|lxf^^(R3))"lki - «o|lxf^^(R3)- 

Since 4C||e~**^~'^''''uo||j^/3 ^jg3j < 1, the Picard contraction principle implies the 
desired. □ 



Theorem 3.5. Let a > 0, max{i,a} < f3 < 1 with a + (3 — I > and let 



uq G I?(R'^) "''"^ such that V ■ uq = and T > is small enough to en- 
sure ||e~*^~'^'' uo||^/3 ^j[j3-j < Then for e > 0, there exists a solution G 

-Xf.^(R^') 



2?((0, T] X R'^) "'^ to the mollified generalized Navier-Stokes equations U.3\) . 
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Proof. We only need to prove \\f * uJeW^tl^^RS) < ll/llxf,^(R3 
Ike * /||l~(r3) < ||wj||Li(R3)||/||ioc(R3) and 

1/2 



. In fact, we have 



^2q-3+2;9-2 



\f ^uj,{t,x)\- 



< r 



2Q-3+2/3-2 



J\x—xo\<r 

2(3 



dtdx 

1^ 



JK3 



XB(xo,r)fit,x - y)uj^{y)dy 



2 \ 1/2 

dtdx \ 



< / r2"-3+2/3-2 



Jr3 \ 



.213 



,213 



1/2 



\f{t,x-y)\^XB{xo,r)'^^\ dy 



la J \xi-{xo — y)\<r 

^^2/3 

< I \LO,{y)\dy snp sup [r^^-^+^P-^ ' 



dtdx I 
1^ 



1/2 



'J \xi—z\ <r 



zeR3 r20e(o,T] 

< l|W£||Ll(R3)||/||x^^^(g3)- 

Similar to the proof of Theorem 13. 4[ we can complete the proof. 



\fit,^i)\- 



dy 



dtdx I 
1^ 



1/2 



□ 

Theorem 3.6. For a > 0, max{i,Q!} < /3 < 1 with a + P — 1 > 0, let uq ^ 



and T > be given in Theorem \3.4\ Then the sequence of solu- 
tions {ue}s>o to the mollified equations 11.3]) obtained by Theorem \ 3.5\ converges 
strongly, as e tends to 0, to the mild solution u to equations obtained by Picard 

contraction principle, of Theorem [ 



Proof. For the bilinear form B{u,v), we have 
u — = B{u,u) — B^{ui.,u^) 



B{u, u) — Biu^ * ciJe, u^) 

B{u, U — Ue) + B{u — {u* LJe), Ue) + B{{u — Ue) * UJe, U^) 



and 



^ ^Mxi_^m II" - "elljff^^(R3) + C'll" - (" * ^e)llxf^^(R3) ll".llxf,^(R3) 
+ C||(U - Ue) * t^elU^^^(R3)(R3)||Me|lxf^^(R3) 
A1+A2 + A3 

where A3 < C||we||ii(R3)||M - Wellxf,^(R3)lkellxf.^(R3)- Hence we have 

< 2C||U - We|lxf^^(R3)ll"c|ljff^^(R3) + 2C||U - {u * CJe) 11^3 ^(R3) Ike |lxf^^(R3) 

< 4C||e-*(-'^)\o||^^^(jj3)||u-Ue||^3^(R3) + 2C||e-*(-^)''uo||^^^ 
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This tells us 

2C||e-*(-^)'uo||;./. 



II . K.Ti^') II , 



Since G ©(M^), * w e ©(M^ x (0, T)). Thus, for m e P(M3 x (0, T)) "'^ 

□ 

Now we recall a class of weak Besov spaces which can be found in [TU] , 

Definition 3.7. Let a > 0, 1 < g < oo. We denote by i?^"'°°(R^) the adherence 
of functions in L9(M3) for the norm oi B-°'-°"{M?) and by B~%f^{^^) for functions 
in L9'°°(M3) for the norm of B-^°°(R3) = that is, 



Lemma 3.8. Let \ < (3 < 1 and let a > and I < q < oo. If u e i?^^°°(M^) 
then 



(3.3) 



0<t<l 



r/2''||e-*(-^)"w(t)|U,.oo(R3) 0, {as t ^ 0). 
Proof. Since u G B^S°°(R3), we have w G B-^'^{R^). Then 

SUpt"/2/3||e-*(-A)''^(^)||^^_^^^3^ <^ 

and there exists a sequence {Mn}neN of functions in L'?'°°(R'^) such that 

||(w„ -M)(i)||3-»,oo(jj.3) — > 0, ast^O. 
So there exists > such that for n > N, 

supt"/2/3||e-t(-A)^(^^_^)(i)||^_ < ^ 

t>0 ^ 

Then for alH > we have, by Young's inequality, 

Let io = £2'^/"(2C||uAr+i(t)||i,,oc(R3))-(2/5/a)^ we see that for t < to, 
r/^'^||e-(-^)>)|U_(«3)<| + i=e. 

□ 

The following result gives us a condition for initial data under which the solution 
to equations p.ip for /3 G (1/2,1) belongs to the weak Lorentz spaces. Similar 
results hold for /3 = 1, see Lemarie-Rieusset and Prioux [lOj . 

Theorem 3.9. Let i < /3 < 1 and let 2p^i < P < oo and 2f3-i < 9 < oo such that 
^ + ^ = /3 — i and uq G -B^g"l^(R'^) smc/i that V • mq- T'^en t/iere exists T > and 
a mild solution u to equations hl.l\l in the space LP'°°((0, T), L'''' 
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Proof. We construct the sequence {vn}nefi as foUows: 

( Vn = Vq - B{Vn^l,V„-i) for n > 1, 



(3.4) 



We prove that for every n e N, the functfon w„ befongs to the space LP'°°((0, T), L'?'°°(E^)). 
Then we wiU use an induction argument on n. 

For 71 = 0, by assumption, uq E BJ^";^ {M.'^). By Lemma 
(3.5) 

sup tl/''||wo(t)||L<J,~(K3) < supti/P||e"*(~'^)'''Uo(i)||L5.-(R3) < oo, 
te(o,T) t>o 

ti/''||fo(t)|U„oo(„3) = ii/f ||e-*(-^)'«o(<)IU.,-(M3) ^ 0, (as t ^ 0). 
By LemmalS;! we have vq G Zp'°°((0, T), L9'°°(M3)). 

^ Next we assume that Vn-i E LP'°°{{0,T), L'}'°^{R^)). Let e > 0, as i>„_i G 
LP'°°((0,T),L9'°°(R3))^ there exist two functions vl_^ E L°°{{0,T), Li'^^iR^)) and 
vl_, eLP'°°((0,r),L9'°°(M3)) such that ||i;2_iIU^.~((o,t),l..~(R3)) < e and z;„_i = 
^n-i + ^n-1- We have 

B{v„^i,Vn-i) = B{vl^_j^+vl_j^,vl_i+vl_i) 

- sK\-i,^',\-i) + s(^^Li,^'i-i) + s(«Li,«'-i) + ^K'-i,^'Li) 

:= Ml + M2 

with 

Ml = S(«i_i,i-i_i) + B(i;2_i,x,i_^) + B(t-i_i,t.2_i) and M2 = B{vl_„vl^,). 
By Lemma [mi we get 



11-^1 IU°=((0,T)X<!, 00 (R3)) 

< ll-5(vi_i,wi_i)||L°°((0,T),L9^-(K3)) + l|5(«i-l,'yn-l)l|L°°((0,T),L'3.oo(R3)) 
+ ||S(t;^_l,ui_l)||ioo((o,T),L<!.~(R3)) 

C'lkn-lllL°°((0,T),L'3'°°(R3)) + "^11^11-1111°° {{0,T),L'i'«= {9.3))\\^n-l\\lp-°° {(0,T),L'i-°° {R^)) 

< c. 

and ||M2||iP.oo((o_T),L9.°°(R3)) ^ ||w,^_illip,oo((o,T),L9,oo(K3)) < Thus, according to 
Proposition [m we have B{vn-uVn-i) E Zp'°°((0, T), L«'°°(R3)). 
We will prove that for every n E N, 

\\Vn\\ LP'°° ({0,T),Li'°° {«^)) < 2||e^*'^~'^^ "o||lp-~((0,T),L9.oo(r3)). 

Since vq = e~*'-~'^-''^Mo, it is obvious that 

\\va\\LP.°°((0,T),Li.°°{R^)) < 2||e^*'^^'^^ "o||lp.=°((0,T),L9'°°(R3))- 

Assume that this is true for a n G N. Then, we have 

lkn+l||LP,°°((0,T),L9.~(R3)) < \\vo\\lp.°°({Q,T},Li-°° (M^)) + l|-B(u„, i;„) ||LP,oo((o^T)_ig, 00(^3)) 
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Taking 4C||e"*("'^)'^Mo||Lp>~((o,T),L9,«.(R3)) < 1, we get 

||w„+i||lp-°°((o,t),L9,~(r3)) < 2||e^*'^~'^'' uo||lp.°°((o,t),l<!'~(r3)), 

that is, ||w„+i||ip,oo((o.T).L9.oo(R3)) in the baU centered at 0, of radius 2||e~*(~'^)'^uo||Lp.°°((o,T),L'!,~(R3 
Then, 

\\Vn - Wn-l||LP'~((0,T),L9.°°(R3)) 

< \\B{Vn-l — Vn-2,Vn-l)\\LP-°°{{0,T},Li-°°{R^)) + \\B{Vn~2,Vn~l " ) 1 1 Lp-°° ((0,T),L<!'°° (R^)) 

< C||u„_i - Wn-2||LP,°°((0,T),L'!,oo(R3)) ( || W„- 1 1| Lp.oc ((o,T),L<J'°° (R3)) + ||w„-2 ||lp,~((0,T),L<J.°°(R3))) 

< 4C||e *^ '^^ Wo||lp.= ((0,T),L9.==(R3))1|Wti-1 - Wn-2||LP,°°((0,T),L■^.°°(R3))■ 
ThuS, the Picard contraction principle completes the proof. □ 

Now, we want to give the reverse result of Theoreni l3.9l To do this, we need the 
following lemma. 

Lemma 3.10. Let ^ < (3 < 1 and let 2/3-1 < 1 < 00 and 2'^-! < P < 00 such 
^^"^ (2i3-i)p + {2p-i)q ^ i and u e ZP'°°((0,r),L'?'°°(R3)) be a mild solution to 
equations il.l]) . Then, for < e < 1, there exists < to < T such that Vt G (0, to], 

||w(t)||L.J>~(R3) < aCo'fi/P ■ 

Proof. It follows from u S Zp'°°((0, T), L'1'°^{R^)) that for all A > 0, there exists a 
constant C(A), depending on A, such that C(A) ^ (as A ^ 00) and 

Cf A) 

|{|lu(<)|li,,^(R3) > A}| < -j^. 

Let < £ < 1 and < to < 1. Denote At^ = — ^tt^- When to ^ and 

400^0 

C(Ato) — * 0, we choose to small enough such that C(Ato) < 2xWc^' ^'^^ ^ < 
such that Ai = ^Cot^/p > ^tg, then C(At) < C(Ato). We can get 

(3.6) \{t e (o,r), ||ii(i)|U„^(R3) > At}| < < 



We claim that there exists 9 such that 

t-^<0<t and ||u(6')||l'j--(r3) < ^^7^ = ^t- 



Otherwise 



|{t e (o,T),||w(t)|U„^(R3) > At} I 



> 



i 1 



4P 



This is a contraction to (EH). Let T* = (4Co||m(6') ||l,.co(r3))~p. Taking < e < 1, 
we have 

(3.7) ||«(^)|U„»(R3) < j^l^ =^ < < (4Co||u(0)|U„~(R3))-f . 

Applying Lemma l^T^ in the interval [9, 9+T*], there exists a solution u G L°"{{9, 9+ 
r*),L9'°°(M3)) to the equations dTTI). Note that jSj]) implies that 

(0,t] c{9,9 + t)(l (9,9 + T*). 
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By Proposition 13. 11 we know u — u on {9,t]. So for t < to, there exists < 9 < t 
such that u € L°°((6', t], L«'°°(M3)) and 

s 

Vs £ {9,t], ||w(s)||l,,oc(r3) < 2||u(6')||l,,oo(r3) < ^^r^- 
This completes the proof of this lemma. □ 
Theorem 3.11. For ^ < (3 < 1 and let 2/3-^1 < q < 00 and 2p-i < P < 00 such 
^^"'^ (2i3^i)p + (2;3-i)g = I and u e Zp'°°((0,T),L9^°°(R3)) be a mild solution to 
equations Then 

{sup i^/^'||u(i)||i,,oc(R3) < 00, 
t6(0,T) 
ii/P||u(t)|U,,oo(R3) ^0 (ast^O). 
Proof. By Lemma [3.10[ for every e > 0, there exists such that, for all t £ (0, to), 

that is, limt^o t^^P\\u{t)\\ i^q.a^ (jsi3-^ = 0. 

Now we prove the first assertion of (|3.8p . Checking the proof of Lemma r3.10l and 
taking e — 5 , we can see that there exist such that for every t < t^ and < 9 < t 
such that u e L°°{{9,t],Li'°°{R^)) and 

(3.9) yse{9,t], ||«(s)||^,.^(„3)<2||«(0)|U„.»(R3)<^^i^. 

On the other hand. Lemma [3.101 and limt^o i^^^ll'fi(i) ||l9.=°(r3) = tell us that there 
exists ti such that for s e (0,ii), t^/P\\u{t)\\i^q,^(s_3) < C. If to > ti, take ^2 < ti < 
to (otherwise take t2 — to). By (13. 9p . there exists 6*2 such that for every s G (6*2, ^2], 
||M(s)||i,,^(R3) < \i/p . Because ti/P||u(t)||i,,oc(R3) is bounded on (0,6*2] C (0,ti), 

now we restrict t G (92, T]. Define a new function u(s) = u{t2 — ^2 + s). Then we 
only need to prove the assertion for u{s) on s e {92,T + t2 — ^?2]■ 
Since u is a solution to equations (jl.ip . 

u e Zf'°°((t2,T), L«'°°(M3)) =^ue LP'°^{{92,T- to + 02), i''°°(K^)) 
implies that u is also a solution to the equations (|l.ip . By Lemma [3. 101 for £ — ^ 
again, we can get that for Vt G (^^2,^2), ||^i(0llL9'°^(R3) — ^ttf- That is, Vt G 

(t2,2t2 - 6*2), ||w(t)||L9.-(E3) < , „ ^/p ■ We conclude that 

40012 



VtG (02,2^2-^2), ||w(0IIl--(R3) 



< 



4Co4^"' 



Since T is finite, we can find a constant n G N such that nt2 < T < {n + l)t2- 
Hence repeating this argument finite many times, we get 

This completes the proof of this theorem. □ 
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